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A chnh mrnnf is giver? of a tht,orem of Bannai and Ito (first proved in J. Combin. Theory a. “..“.I y.““. . 
Ser. B 27 (1979) 274-293), concerning the eigenvalues of certain distance-regular graphs. 
1. Introduction 
In [l] the following theorem, concerning a family of certain distance-regular 
graphs (called Moore polygons in later publications, see [4]) is proved, as a 
corollary to the unimodality property of the spectrum: 
Theorem (Bannai, Ito, 1979). The eigenvalues of Moore polygons are at most 
quadratic with respect to the field of rational numbers. 
In [2] Bannai and Ito showed that these eigenvalues are even rational, a result 
which was applied in [4] to prove the nonexistence of nontrivial Moore polygons 
with diameter >5. 
Although the proof in [l] is elementary, it is rather long and the calculations 
are cumbersome. Mere, we present a relatively short proof, based on an equation 
derived in [6]. This equation has to be satisfied by the eigenvalues of any 
generalized Moore geometry GM,& t, c) (cf. e.g. [5, 6]! of which Moore 
polygons are the special case s = 1, t > 1. 
2. Preliminaries 
We assume throughout this text that m 2 3, since any distance-regular graph 
with m = 2 has eigenvalues which are at most quadratic. By definition we know, 
that the total number of distinct shortest paths between any two points with 
distance m in the point graph r of GM&, t, c) equals c. This number cannot be 
larger than t + 1, which is the total number of lines through a point, since 
otherwise we would have a pair of points in Tat distance cm, connected by more 
than one shortest path. Hence, we have for GM,(l, t, c) that 1 s c s t + 1. For 
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the sake of convenience we introduce t : = fi (cf. [S, 61). The cases c = 1 and 
c = r2 + 1 are already covered by [6: Corollary 4.2(i), (ii)]. Therefore we consider 
only values of c with 
1<cct2+l, (I) 
defining the non-trivial Moore polygons (cf. [4]). 
Furthermore we assume that 
c 1 lF2(22 + l), (2) 
since the m-valency k, (cf. [3, Chapter 21]), which equals C-‘tm-‘(t + 1) in this 
case, is an integral number. 
For s = 1 we write [6, Eq. (37)] in the form 
f(p) := [ 5 (cc’ - 4r2) - 2m(z2 - l)‘][(c - 1)~ + x2 + (c - l)‘] 
+(r2- c + 1)(/A - t2 - l)[cj#& +2(r2 + c - l)] = 0, 
where we introduced a E Z and b E E+ defined by 
N $=Zm-(tz+l)i, (a, b) = 1. 
(3) 
(4) 
Here N denotes the number of vertices in the point graph r, corresponding to 
GM& t, c). 
We know from [6], that any eigenvalue # T? + 1 of the adjacency matrix A(r) 
satisfies Eq. (3), with M equal to the multiplicity of that eigenvalue. (Actually, 
Eq. (3) is equivalent to the expression for the multiplicities use{: by Bannai and 
It0 [l, Prop. 21.) 
Let p be such an eigenvalue. Suppose that pc is of degree 3 with respect to Q. 
Then a # 0 and since all coefficients of f(p) are rational numbers it follows that 
do:= a(cb l)f(P) (5) 
is the uniquely determined,’ manic, irreducible polynomial defining cc. Moreover, 
since p is an eigenvalue and hence an algebraic integer, we even have 
&o @c a4 (6) 
Because of its irreducibility g(p) divides the characteristic polynomial of 
GM,(l, t, c) and therefore the other two zeros of g(p) are eigenvalues of A(T) 
as well. If we define F,(p) as the manic, reduced, characteristic polynomial it 
follows that 
en(co 
-E a.!4 
g(P) (7) 
Conditions (6) and (7) yield a number of divisibility criteria which enable us to 
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prove the theorem mentioned in Secticz -1. As a preparation to this proof we 
write th characteristic equation of GM& t, c) in the form 
(cl - r2 - l)F,(p) := (3)m-p(~2 + l)[(p - r2 + c - l)ym - cym_J = 0, @a) 
where y, and y,-, are poiynomiab in p defined recursively by 
y0= 1, y, = (z” + 1)-‘y, 
z2yi+~-/4yj+yi-i=0, l<i<m-1. 
(8b) 
(8 ) C 
(Eqs. (8a), (8b) and (8c) follow from [6, Eqs. (9)-(ll)] for the case s = 1 and are 
in fact identical with corresponding relations in [3, Chapter 211 in an adapted 
notation.) Using Eqs. (8b) and (8~) one can verify easily that F,(p) is indeed 
manic. 
In the course of proving the theorem.we shall need the values of Fm(p) for 
p= =t2z. By means of the usual, elementary methods one derives from (8b) and 
(8~) that 
y&2z)=(ft)-k(Z2+1)-1[22+l+(+l)k], O~k~m, (9) 
and consequently 
Fm(f2r) = (H)“-“[m( B zk l)(z f (c - 1)) + r2 - c + 11. (10) 
3. Proof of the theorem 
Assume that ~1 is an eigenvdue of degree 3, satisfying Eq. (3) for the 
corresponding values of a and b. 
The coefficient of p2 in the polynomial g(p) equals 
(a(c - l!)-‘[a@” + (c - 1)2) + bc(z’ - c + l)]. 
Since this must be an integer (cf. (6)) we infer 
a(c-1)Iaz2+bc(z2-c+l) (11) 
and hence 
a 1 c(z” - c + 1). (12) 
Next we calculate [z’ + (c - 1)2] times the coefficient of p in g(p) minus (c - 1) 
times the constant erm and obtain 
b(a(c - 1))‘[-(r2 + (c - 1)2)(iL - c -I- l)(c - 2)(r2 - 1) 
+2(t” - (c - l)‘)(c - l)(r2 + l)]. 
The term between square brackets is equal to cti(r2 - l)(r2 - c + 1) 
mod {c(c - l)(t” - c + 1)). Using (12) we find 
a(c - 1) 1 bcr2(r2 - l)(r2 - c + 1). (13) 
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Combining this with (11) we finally get 
c - 11 z*(Z - 1). 
Next we calculate from (3) 
f (f2t) = -2(9 - l)(z T l)(t * (c - I)) 
x[m(t * l)(t * (c - 1)) + r* - c + l] 
and divide (10) by this expression. 
We distinguish between the cases t E Q and t $ Q. 
(i) z E Q!. 
From (5), (7), (10) and (15) with p = =t2t, it follows that 
(14) 
(15) 
(9 - l)( r T 1) 1 a(c - 1). (16) 
Let for some prime p and some integer j > 0 $1 c - 1 and pi+’ t c - 1. Then by 
(14)wehaveeither$)t-lorp’It4. If$I&l, thenp+r?,ptr*-c+l, 
p t c and hence, by (12), p j Q. Since at least one of the numbers t + 1 and z - 1 
is divisible by p, condition (16) yields a contradiction. Therefore $ I t4. Hence, 
c - 1 I t4 and applying (16) once more we obtain r? - 1 I Q. 
From (2) and (12) it now follows that 
tZ-l((t+l)(t-c+l). (17) 
Since (t2+ l)(Z -c+1)=4-2c(mod@-1)) we finally arrive at the condition 
t-1)2c-4. 
However, 22 - 1 > c - 2 (cf. (1)) and so t* - 1=2c-4orc-1=(3+1)/2. For 
c < iL + 1 this contradicts c - 1 1 t4. 
(ii) t $ Q 
From (S), (7), (10) and (15) with p = 2t, it follows t&i there are numbers A and 
B from E such that 
(A- l)(r- l)(t+c- l)(A + Bt) = a(c - l)t”-*, (18) 
which is an equality between algebraic integers from Q[r]. For even values of m 
the coefficient of t in the left hand side of (18) vanishes, and for odd values of m 
the rational part of that expression does. Elimination of B in case that m is even 
and of A in zase that m is odd shows that for all m 2 2 the following condition 
holds: 
( t’ - l)L I a(c - 1)(r2 - c + 1). (19) 
Using the property that p I (9 - 1, c - 1) implies p .# r* - c + 1 and also 
p 4 a; by (12) one can show in the same way as in (i), that c - 1 I t4 and 
(3 - l)* I act* - c + I). Applying again (2) and (12) finally yields 
(r2 - l)* 1 (r2 + I)@” - c + l)*. 
This divisibility criterion amounts to condition (17) after multiplying the right 
hand side by 3 + 1. So we obtain the same contradiction as in (i). 0 
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